We investigate black holes formed by static perfect fluid with p = −ρ/3. These represent the black holes in S3 and H3 spatial geometries. There are three classes of black-hole solutions, two S3 types and one H3 type. The interesting solution is the one of S3 type which possesses two singularities. The one is at the north pole behind the horizon, and the other is naked at the south pole. The observers, however, are free from falling to the naked singularity. There are also nonstatic cosmological solutions in S3 and H3, and a singular static solution in H3. In modern cosmology, the spatial topology of the Universe is an unresolved issue. The recent observational data measures the curvature density as Ω k = 0.000 ± 0.005 (95%, Planck TT+lowP+lensing+BAO) [1] . It is never manifest from the current observation to conclude if the Universe is flat, closed, or open. Apart from analyzing the observational data, investigating the primordial density perturbation in different topologies would give an insight for the topology of the Universe. Study of inflation in the closed and the open universe tells that there are models which is viable with the current observational data [2-6]. They predict some peculiar phenomena distinguishable from flat models, but they are still beyond the current observational resolution. Therefore, it is not very possible to rule out any specific topology from the cosmological studies at the current stage.
In modern cosmology, the spatial topology of the Universe is an unresolved issue. The recent observational data measures the curvature density as Ω k = 0.000 ± 0.005 (95%, Planck TT+lowP+lensing+BAO) [1] . It is never manifest from the current observation to conclude if the Universe is flat, closed, or open. Apart from analyzing the observational data, investigating the primordial density perturbation in different topologies would give an insight for the topology of the Universe. Study of inflation in the closed and the open universe tells that there are models which is viable with the current observational data [2] [3] [4] [5] [6] . They predict some peculiar phenomena distinguishable from flat models, but they are still beyond the current observational resolution. Therefore, it is not very possible to rule out any specific topology from the cosmological studies at the current stage.
Rather than considering cosmological models, other interesting subject would be considering a relativistic object such as a black hole in different spatial topologies. This might have a very significant feature which can distinguish the spatial topology of the Universe.
The metric implying the three spatial topologies is given by
where k = 0 represents the flat 3-space (R 3 ), and k = ±1 does the closed/open 3-space (S 3 /H 3 ). (The signature of g tt will be chosen so that we have only one time coordinate.) This implies that the curvature of the geometry is provided by the effective energy-momentum tensor, 
where the signature −/+ is for S 3 /H 3 . This implies that
where ρ > 0 for S 3 and ρ < 0 for H 3 .
For the closed and the open, with the energy-momentum tensor (2) and the metric ansatz
one can show that there is no static solution other than Eq. (1). This is somewhat different from the flat case which is a limit of the Schwarzschild solution characterized by the mass parameter M . In order to achieve a black hole configuration in the closed/open 3-space, therefore, it is suggested to introduce a matter field.
In this work, we introduce a static perfect fluid in order to see if a black hole can be formed in the S 3 and H 3 spaces. We introduce the spatial dependence in the energy density, and impose a condition for the equation of state which implies the topology of S 3 /H 3 , as There are some work on perfect fluid, for example, for charged fluid balls [7] , for entropy of perfect-fluid objects [8, 9] , for the spherical static solutions with finite-polynomial mass functions [10] , etc.
With the metric (4), the general solutions are given by
Note that if β > 0, one needs r 2 + α > 0 in Eq. (6), so g(r) has the opposite signature to ρ(r). If β < 0, g(r) has the same signature with ρ(r). The solution for p = −ρ/3 in Ref. [10] is a limiting case (α → 0) of Eq. (7).
Let us introduce a new radial coordinate χ with which the metric is written by
The transformation is given by r = R 0 b(χ). Depending on the values of α and β, the transformed solutions of Eqs. (6) and (7) to the new coordinate system are classified by three types as summarized in Tab. I. (Here, R 0 ≡ |α| is the parameter of the 3-space curvature scale, and K ≡ 2R 2 0 |β| 3/2 is the positive parameter related with mass.)
This is the case of α < 0 and β < 0 (1 − 4α 2 β 3 > 0 always). The transformation is performed by
and the metric becomes
This is a black-hole solution of which the horizon is located at χ h = cot −1 (1/K). There are two singularities; the one is inside the horizon at χ = 0 where ρ → −∞, and the other is naked at χ = π where ρ → ∞. The conformal diagram is plotted in Fig. 1 . Inside the horizon, ρ < 0, and outside ρ > 0. The geometry near χ = π/2 meets that of S 3 .
Type S 3 -II
This is the case of α < 0, β > 0, and 1 − 4α 2 β 3 < 0. The transformation is performed by
There are two configurations, a black-hole solution and a nonstatic cosmological solution.
(i) Black-hole solution: This is the − solution with K > 1. There exists a horizon at χ h = tanh −1 (1/K). Inside the horizon (0 ≤ χ < χ h ), f (χ), g(χ) < 0 and ρ is positive. The energy density at the center is finite, ρ(0) = 3/8πR 2 0 , so there is no singularity. The geometry near χ = 0 meets that of S 3 . Outside the horizon (χ > χ h ), f (χ), g(χ) > 0 and ρ is negative and approaches a finite value.
(ii) Nonstatic cosmological solution: This is the − solution with K < 1, or the + solution. Everywhere, ρ > 0 and f (χ), g(χ) < 0. Therefore, the role of t and χ is exchanged, where χ is the time coordinate now. The radius of the Universe expands anisotropically as R 0 cosh χ from a nonsingular state with a finite size R 0 . The energy density grows from a finite value ρ(0) = 3/8πR 2 0 and approaches a positive constant.
This is the case of α > 0, β > 0, and 1 − 4α 2 β 3 > 0. The transformation is performed by
There are three configurations, a black-hole solution, a nonstatic cosmological solution, and a singular static solution.
(i) Black-hole solution: This is the − solution with K < 1. The configuration is the same as the black-hole solution in S 3 -II, except that the energy density blows up at the center, ρ(0) = ∞, so there is a singularity. The energy density is positive inside the horizon, and negative outside approaching a constant where the geometry meets that of H 3 .
(ii) Nonstatic cosmological solution: This is the − solution with K > 1. The configuration is similar to that in S 3 -II, but the Universe expands from an initial singularity where the energy density is infinite, ρ = ∞. (ρ is positive all the time and approaches a constant.) Therefore, this solution is not very interesting.
(iii) Singular static solution: This is the + solution. Everywhere, f (χ), g(χ) > 0 and ρ < 0. It is singular at the center, ρ(0) = −∞, so is not interesting.
When K = 0, the solutions (10), (12) and (14), reduce to the S 3 and H 3 solutions individually,
which is the metric transformed from Eq. (1) by rescaling of the the radial coordinate r = R 0 b(χ) in Eqs. (9), (11) and (13). Therefore, we can conclude that the base 3-space of our solutions are S 3 and H 3 .
Since we have only one matter content, we expect it to provide the mass in the black-hole geometry. We analyze the near-horizon geometry, and identify K with mass. Near the horizon, r sch = 2M , the Schwarzschild solution is expanded as
For our fluid black-hole solution in Eqs. (6) and (7), the near-horizon geometry is expanded in the same way as the Schwarzschild solution in the first order,
where r h is the location of the horizon satisfying ρ(r) = 0 in Eq. (7), and the + sign is for H 3 . Identifying r h = r sch and using the relations R 0 = |α| and K = 2R 2 0 |β| 3/2 , we have
for the type S 3 -I, S 3 -II, and H 3 , respectively. Note that M → 0 corresponds K → 0, which gives S 3 or H 3 geometry. For the type S 3 -I, the range 0 < K < ∞ corresponds to 0 < M < R 0 /2. There is an upper limit of the mass, M = R 0 /2. In this limit, the horizon approaches the equator of
If the mass exceeds this value, the solution of type S 3 -I does not exist. Instead, the type S 3 -II is responsible for this range of mass, M > R 0 /2.
Let us discuss the geodesics of the black-hole solutions. For simplicity, we define as
where s is the signature of ρ c (s = +1 for S 3 -I, and s = −1 for the rests). The χ-equation can be derived from the metric as where ε = 1, 0 for timelike and null geodesics, individually. On the θ = π/2 plane, the χ-equation becomes
where
defined from the t-and φ-equations. We summarize the effective potential V (χ) in Tab. II.
For L = 0, the potential V for timelike geodesics monotonically grows from −∞ (north pole) to ∞ (south pole). All the paths fall into the center of the black hole. (See Fig. 2.) For L = 0, both of the timelike and null geodesics have a similar potential shape.
, the potential is similar to that of the timelike geodesics for L = 0. All the paths fall into the center of the black hole. If
, however, there is a potential well outside the horizon χ h . Therefore, a stable orbit around the black hole is possible.
The outgoing radial null rays (L = 0) can reach the naked singularity at the south pole (χ = π). However, none of the other geodesics can reach that singularity. The observer can only see the light signal from the singularity at the south pole.
As the matter around the black hole falls into the horizon, the mass parameter K increases as in Eq. (18). If the value of K exceeds the above critical value 1/ 3ε/(L 2 R 2 0 ) + 1, all the matter around the black hole is destined to fall into the black hole except the radial outgoing null rays. The horizon size gets larger until it reaches the equator, χ h = cot −1 (1/K) → π/2, as the mass reaches the upper bound, K → ∞ (M → R 0 /2). After that, this type of black-hole solution does not count. Unlike the type S 3 -I, there is no potential well, so the stable orbit is absent in these two types. The ingoing geodesics can bounce back to infinity ifẼ is not large enough.
Let us study the stability of the black holes. We introduce linear spherical scalar perturbations as following. The metric is written by
The perturbations for the metric are introduced as
where ǫ is a small parameter, and the subscript 0 stands for the background solutions obtained earlier. Using the definition in Eq. (19) for F (χ) = 8πR 2 0 ρ 0 (χ)/3s, where ρ 0 (χ) is the background solution in Tab. I, we have
The energy-momentum tensor is given by
where the velocity four-vector is given by
For the barotropic fluid, p = wρ, the perturbations for the energy density and the four-velocity are given by
For the comoving background fluid, we have u 
Therefore, the perturbations of the four-vector, u 
and transform the radial coordinate and the amplitude function as
where N is a normalization constant. Then we get the perturbation equation from the Einstein's equation in the nonrelativistic Schrödinger-type,
where σ ≡ 1/(8πR 
Since there always exists a positive eigenvalue Ω for any type of potential U , i.e., ω 2 < 0, this system is unconditionally unstable.
The stability analysis adopted here tells only the existence of the instability. It does not give any information in which direction the system will evolve due to the instability. One may guess that the instability is from the nature of perfect fluid. When perfect fluid is introduced in the Universe, it usually drives the expansion of the Universe.
Although there exists a static solution with perfect fluid as ours, a small perturbation may invoke fluid to drive the spacetime to expand. This could be the source of our instability.
In order to catch such a nature of instability, other methods of stability check need to be employed. One complete method will be the numerical investigation. Other than that, we can consider a bit simpler way to check the direction of the instability in the linear order. In the stability investigation, we introduce a bit different metric perturbations which admit the evolution of the background universe as well as the black-hole size. The first one is done by introducing a scale factor S(t), and the second is done by letting the mass scale K be time-dependent, as
Then the perturbed metric can be written as
The solutions to the Einstein equations are given by
Both of the scale factor and the mass parameter evolve linearly in time. According to a(t), the background universe may expand, or shrink. According to κ(t), the coordinate of the horizon location χ h may increase, decrease, or remain constant. Assuming the background universe expands due to the instability, the black hole may change its physical size in both directions, or may remain unchanged. Beyond the linear order, we still need further investigation via, for example, numerical study.
In this letter, we investigated the black-hole solutions in a closed/open 3-space. It is formed by introducing a static perfect fluid with the equation of state p(r) = −ρ(r)/3. There are three classes of solutions that we named as S 3 -I, S 3 -II, and H 3 . All the solutions are characterized mainly by a parameter K which is related with mass. When the mass parameter K is turned off, the remaining geometry possesses only the 3-space curvature scaled by the parameter R 0 . The solutions are classified by this curvature scale into three types, S 3 -I, S 3 -II, and H 3 . The first two types represent the closed 3-space, and the last type does the open one.
In all classes, there is a black-hole solution. The interesting one is the S 3 -I type. There are two singularities at both poles. The one is hidden by the horizon, and the other is naked. However, except the radial null geodesic with zero angular momentum (L = 0), the naked one is not accessible by timelike and null geodesics. They are destined to fall into the black hole, or may have a stable orbit with a large angular momentum. The black-hole of the S 3 -II type has no singularity, but the energy density is negative outside the horizon. The black hole of the H 3 type has a singularity at the center.
For the S 3 -I type black hole, all the energy conditions are satisfied outside the horizon. The existence of the naked singularity at the south pole looks violating the singularity theorem. This must be due to that the background 3-space is S 3 . Although ρ < 0 inside the horizon, the energy density is positive there because p 1 = p is regarded as the relevant energy density in this nonstatic region.
Other than the black-hole solution, there is a nonstatic cosmological solution of S 3 -II and H 3 types, which represents an expanding universe. The interesting one is the S 3 -II type, which expands from a nonsingular finite size of the Universe, while there is an initial singularity at the H 3 type.
Our black holes are unconditionally unstable. We suspect that the instability is from the nature of perfect fluid which usually drives the background spacetime to expand. Our stability study shows some hints of this kind of evolution. The background universe expands due to the instability while the physical size of the black hole may either change, or remain fixed depending on the conditions imposed. The full stability study requires numerical investigations.
Our work was focused only on a single matter field which can be responsible both for the 3-space topology and the black-hole curvature. This was done by imposing p(r) = −ρ(r)/3 on fluid. The black holes in this work are a bit far from providing enough phenomenological information for discussing the topology of the currently observed universe. However, continuing study may give some insights about it. For example, one can introduce the matter fields separately, i.e., the one for the 3-space topology with a constant energy density, p = −̺/3 = constant, and the other for the black-hole curvature p(r) = wρ(r) with an arbitrary value of w. Also, one can introduce a scalar field rather than fluid. Then the black holes may have different geometry and stability. We will get back to these soon in the future. 
